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1. INTRODUCTION 
We shall call a ring R a left IF ring if every injective left R-module is flat. 
The purpose of this paper is to characterize left and two-sided IF rings in 
several ways and to give some examples of classes of rings which have this 
property. Since a quasi-Frobenius ring is characterized by the condition 
that every injective left R-module is projective [S], the left perfect left IF 
rings are precisely the quasi-Frobenius rings. Furthermore, any regular 
ring is an IF ring [lo]. IF rings are mentioned briefly in [16]. 
Section 2 contains the main theorems. In order to characterize left IF 
rings we introduce two conditions weaker than coherence which we call 
T-coherence and H-coherence (see below for definitions). We obtain the 
equivalence of the following statements: (a) R is left IF; (b) Every finitely 
presented left R-module is a submodule of a free module; (c) The character 
module of R, is a flat left R-module and R is right T-coherent; (d) Every 
homomorphism of a finitely generated right ideal of R into R can be extended 
to R and R is right H-coherent. Since a ring R is quasi-Frobenius if and 
only if R, is injective and R is right Noetherian, we obtain immediately 
that a right Noetherian left IF ring is quasi-Frobenius. 
The second main result is that (two-sided) IF rings are characterized by 
each of the following properties: (a) R is left and right coherent and every 
homomorphism of a finitely generated one-sided ideal of R into R can be 
extended to R; and (b) R is left and right coherent and can be embedded in 
a ring S such that $5’ and S, are faithfully flat and injective. An example 
shows that the IF property is not left-right symmetric. 
In Section 3, we show that if R is a left IF ring then every left module 
which has finite injective dimension is flat and that if the weak global dimen- 
sion of R is finite then R is regular. We also show that a Bezout domain 
modulo a nonzero principal ideal is an IF ring and give an example of an IF 
ring which is not regular modulo its radical. 
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In the final section we show that the group ring R(G) of a group G is a left 
IF ring if and only if R is left IF and G is locally finite. 
All rings are associative with unit and all modules are unital. 
2. CII.~R.~CTERIZATION OF IF h%S 
A ring R is a left IF ring if every injective left R-module is flat. The character 
module (see [I 11) Hom,(M, Q/Z) of a module M will be denoted by M* 
and the injective hull (see [7]) of M by E(M). 
LEMMA 1. For any R-module M, M* is injective if and only <f M is pat. 
Proof. See [l 1, Chap. 5, Sec. 5.31. 
A ring R is right coherent if every finitely generated right ideal of R is 
finitely presented. If  S is a subset of R, I(S) (r(S)) denotes the left (right) 
annihilator of S in R. 
THEOREM (Chase [4]). For any ring R, the following conditions are equiv- 
alent. 
(1) The direct product of any family of flat left R-modules is flat. 
(2) For any set I, RRI is jut. 
(3) R is right coherent. 
(4) For a E R, r(a) is a fkitely generated right ideal and the intersection 
of any two fkitely generated right ideals of R is fkitely generated. 
Let P and M be left R-modules. There is a natural homomorphism 
u = u~,,\~: Hom,(P, R) @ M+ Hom,(P, M) 
defined via u(f @ m)(p) = f (p)” far f E Hom(P, R), m E M, p E P. It is 
simple to check that if P is finitely generated and projective, or if P is finitely 
presented and M is flat, then u is an isomorphism (see [2, Chap. I, Sec. 21, 
No. 8). The following theorem is essentially due to Lazard. 
THEOREM (Lazard [ 121). Let M be a left R-module. The following conditions 
are equivalent. 
(I) RM isflat. 
(2) For every Jinitely presented module P, oP,,,r is an isomorphism. 
(3) For euery finitely presented module P, op,,\r is an epimorphism. 
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(4) For every finitely presented module P and u E Hom,(P, AZ), tlzere 
is a jkitely generated free module F, v  E Hom,(P, F), w E Hom,(F, M) such 
that u = wv. 
Proof. By the above remarks (1) implies (2) and (2) implies (3) trivially. 
(4) implies (1) by ([12] Theorem I .2) so it suffices to note that (3) implies (4). 
Let UE Hom,(P, M), u = ~(~~=,fi @ m,), fi E Hom,(P, R), mi E M. Put 
F = Rk, and define v: P+F by v(p) = (f,(p),...,f,(p)), w E Hom(F, AZ) 
by 4~1 ,...> rI;) == CF=, rimi . Then F, v, w satisfy condition (4). 
For any set I, right R-module N and left R-module AZ, define 
TJ = ?N,M.I: N OR MI- (N OR W by 
p(n @ m)(i) = n @ m(i) for n E N, m E npt, i E I. 
Then v  is a natural homomorphism. Furthermore, Lenzing [ 131 has shown 
that F~,~,, is an isomorphism (epimorphism) for every set Z if and only if 
N, is finitely presented (finitely generated). Combining this fact with 
Lazard’s theorem we obtain the following result. 
PROPOSITION 1. For any ring R, the following are equivalent. 
(1) R is right coherent. 
(2) Hom,(P, R) is $niteb generated for every jinitely presented left 
module P. 
(3) Hom,(P, R) is finitely presented for every jkitely presented left 
module P. 
Proof. By Chase’s theorem R is right coherent if and only if RR’ is flat 
for every index set I, and by Lazard’s theorem, this is equivalent to the 
condition that ‘J~,~I is an isomorphism (epimorphism) for every index set I. 
The following diagram is commutative. 
Hom(P, R) @ RI A Hom(P, RI) 
Hom(!P, R)’ L- Hom(P, R)‘, 
where 6’ is the canonical isomorphism. Hence (T is an isomorphism (epi- 
morphism) if and only if p is an isomorphism (epimorphism). Thus by 
Lenzing’s result, RRr is flat for every index set Z if and only if Hom(P, R) is 
finitely presented (finitely generated) for every finitely presented module P. 
We shall call a right R-module N T-jinitely generated (H-jinitely generated) 
if N contains a finitely generated submodule N,, such that N/N, @ R* = 0 
242 R. R. COLBY 
(Hom,(N/N, , J?) = 0). A right module ik’, is T-finitely presented (II-fkitely 
presented) if there exists a finitely generated free module F and an epimorphism 
of F onto M with T-finitely generated (Ii-finitely generated) kernel. An easy 
application of Schanuel’s lemma [17] shows that these conditions are inde- 
pendent of the choice of F and the epimorphism. Furthermore, easy com- 
putations show that the class of T-finitely generated (H-finitely generated) 
modules is closed under homomorphic images and extensions. With these 
observations, a straightforward modification of Chase’s proof of ([4], Theo- 
rem 2.2) proves the following analogous theorem. 
PROPOSITION 2. The following conditions are equivalent. 
(1) Every jkitely genevated right ideal of R is T-jk’tely presented 
(H-$nitely presented). 
(2) For every$nitely generated Tight ideal I of R, (I : a) = (Y E R / ar E I} 
is T-finitely generated (H-finitely generated). 
(3) For every a E R, r(a) is T-jnitely generated (H-jinitely generated) 
and the intersection of any two jkitely generated right ideals of R is T-finitely 
generated (H-finitely generated). 
In particular, ; f  these conditions hold and RR* is flat, Y(X) is T-finitely 
generated for any fkite subset X of R. 
Proof. An adaptation of Chase’s proof gives the equivalence of the three 
conditions. Assume that R(R*) is flat and that the conditions hold. It suffices 
to show that the intersection of two T-finitely generated right ideals of R 
is T-finitely generated. Let J and K be T-finitely generated right ideals of R 
and J,, C J, K,, C K be finitely generated right ideals such that J/j0 @ R* = 0 
and K/K,, @R* = 0. Then J,, n K. is T-finitely generated and there is 
and exact sequence 
0-t J,,nK/J,,nK,+ JnK~J,nK,+JnK/J,,nK+O. 
Since 
and J n Kl J,, n K E J n K + Jo/J,, C J/Jo, flatness of RR* implies that 
J n K/J,, n K, is T-finitely generated so J n K is also T-finitely generated. 
We shall call R right T-coherent (right H-coherent) if the three conditions 
of Proposition 2 are satisfied. 
PROPOSITION 3 (Colby and Rutter [5]). Suppose that RR* is a jlat left 
R-module. The following are equivalent. 
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(1) RR*1 is flat for every index set I. 
(2) R is right T-coherent. 
Let N and M be right R-modules. Define 
7 = T~.~: N OR M* + Hom,(N, M)* 
by ~(n @f)(g) = f  (g(n)). Then 7 is a natura2 homomorphism. 
LEMMA 2. (a) If  N is finitely generated, 7 is an epimorphism. 
(b) If  N is finitely presented, 7 is an isomorphism. 
(c) If  M* is flat and N is a submodule of a Jinitely generated free module, 
then T is a monomorphism. 
Proof. For (a) and (b) see [3, Chap. VI, Prop. 5.31. Suppose O+ A-->F 
is exact with F finitely generated and free. The following diagram is com- 
mutative. 
N@M* a +F @ M* 
1 
TiV.h4 
1 
TF.M 
Hom(N, n/r)* -- Hom(F, M)*. 
I f  M* is flat, 01 is a monomorphism and ‘T~,&~ is an isomorphism by (b). 
Hence TN, M is a monomorphism. 
LEMMA 3. Let N be a T-finitely generated right R-module. Then N is 
H-finite~v generated. 
Proof. Let N, be a submodule of N such that N/N,, @ R* = 0. Then 
0 = Homz((N/No 0 R*), Q/Z), 
= Hom,(N/N,, Hom,(R*, Q/Z)), 
= Hom,(NjN,, , Ii**). 
Hence, since R C R**, Hom,(N/N,, , R) = 0. 
LEMMA 4. Suppose N is an H-jiniteb presented right R-module. Then 
T&~,~: N @ R*+ Hom(N, R)* is an isomorphism. If, furthermore, RR* is 
jlat, then NR is T-jinitely presented. 
Proof. Let 
O--+K+F+IV-+O 
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be exact with F finitely generated free and KC, a finitely generated submodule 
of K such that Hom(K/K, , R) = 0. Th e o f  11 owing diagram is commutative 
with exact rows. 
K,, 0 I-t” cf +K@R”- -4 K/K, !&J R’ ___f 0 
1 7h” 1 IK 
Hom(K,, , R)+ 2, Hom(K, R)* -+ 
1 7.K lx, 
Hom(K/K,, , R)* ------f 0 
Since Hom(K/K, , R)* = 0, ,K is an epimorphism and 7K0 is an epimorphism 
by Lemma 2(a). Hence T~OI is an epimorphism so 7K is an epimorphism. 
The following diagram is commutative with exact rows. 
&-@R*--- +F@R” --~ ii\’ OR” p--O 
1 
?K 
1 
TF 
1 
7.h’ 
Hom(K, R)* ------ Hom(F, R)* e Hom(A:, R)* ----* 0. 
Since 78 is an isomorphism and 7K is an epimorphism, it follows that 7N is 
an isomorphism. 
Suppose now that R* is flat. Then, in the first diagram above, 7g is an 
monomorphism by Lemma 2(c). Hence rg is an isomorphism and CL is an 
epimorphism so K/K,, @ R”’ = 0 and N is T-finitely presented. 
Following [6], a right R-module MR is X,-injective if givenf E Hom,(l, M), 
I a finitely generated right ideal of R, there exists g E Hom,(R, A(I) such that 
g]I=f. b 
LEMMA 5. Let R be a right N-coherent ring. Then R, is X0-injective if and 
only if R* is a flat left R-module. 
Proof. Let I be a finitely generated right ideal of R. By Lemma 4, the 
sequence 
0-+I@R*+R@R* 
is exact if and only if the sequence 
0 + Hom(1, R)* ---f Hom(R, R)” 
is exact, and exactness of the latter sequence is equivalent to exactness of 
Hom(R, R) + Hom(1, R) --f 0. 
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THEOREM 1. For any ring R, the following conditions are equivalent. 
(1) R is left IF. 
(2) Tlie injective hull of every finitely presented left R-module ispat. 
(3) Every finitely presented left R-module is a submodule of a free module. 
(4) For every free right R-module F, F* is flat. 
(5) R(R*) issat and R is right T-coherent. 
(6) R, is X0-injective and R is right H-coherent. 
Proof. (1) * (2) is trivial. Assume (2). Let u be the injection of a given 
finitely presented module J’ into E(P). By Lazard’s theorem there is a 
finitely generated free module F and homomorphisms v, u! such that the 
following diagram commutes. 
Since u is a monomorphism, v  is a monomorphism so (3) holds. 
Assume condition (3) and let F be any free right R-module. By Lemma 1, 
F* is injective. Let P be a finitely presented left R-module and L a finitely 
generated free left R-module containing P. The following diagram is 
commutative. 
Hom(L, R) OF* & Hom(L, F*) 
Y B 
Hom(P,k) 0 F* ---% Horn&, F*). 
Since F* is injective, p is an epimorphism and a, is an isomorphism since L 
is finitely generated and free. Hence G,, is an epimorphism. Thus Lazard’s 
theorem completes the proof of (4). 
Assume condition (4) and let I be any set. Then since R* is flat by (4), 
and RR*1 = Hom,(R, , Q/Z)1 = Hom,(Rg’, Q/Z) is flat by (4), (R(r) denotes 
the direct sum of I copies of R), R is right T-coherent by Proposition 3 so 
(5) holds. That condition (5) implies condition (6) follows from Lemmas 3 
and 5. 
Assume condition (6). By Lemmas 4 and 5, condition (5) holds so (4) 
holds by Proposition 3. To see that (1) holds, let M be any injective left 
R-module. There is a free right R-module F and an epimorphism F - M* 
from which we obtain an exact sequence 0 + ill** -+ F”. Since F* is flat 
and MC M**, M is a direct summand of F* and so M is flat. 
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COROLLARY 1. Let R be a left IF ring. Then 
(I) I f  J1 and J2 aye II-finitely generated right ideals of R, then 
KJ1 n Jz> = 4Jl) -t- l(J,). 
(2) If  I is a Jinitely generated left ideal of R, then l(r(I)) = I. 
Conversely, zf (1) and (2) hold, then R, is X0-injective. 
Proof. For (1) suppose x E I(Jr n JJ and define 9: J1 + Jz - R, b) 
y( jr + j,),v = j+. Since R, is K,-injective and Ji -k Jz is H-finitely generated, 
there is a finitely generated submodule K of J1 + Jz and y  E R such that 
y(a) = ya for all a E K and since Hom( J1 + JJK, R) == 0, it follows that 
y(j) .= ~j for all j E Jr -]- JC . Hence x = (.v - y) + y  E 1(Jr) + Z(JJ. 
For (2) let 1 -: Rx, + ... +- Rx, . I f  n 1, X,-injectivity of 
R, gives the result. Inductively Z(r((R.v, -+ ... -i- Rx,-,) -I- Rxn)) :m_ 
Z(r(Rx, j- .‘. :- Rx,-,) n ~(Rx,)) == Z(r(Rx, + ... -j- RX,_,) + @(RX,)) = I, 
where the next to last equality follows from Proposition 2 and 1. 
The converse statement is proved in [9]. 
We call a ring an IR u@ if R is both left and right IF and follow the 
analogous convention for other one-sided conditions. 
?‘HEOREM 2. For any Ting R, the following conditions are equivalent. 
( 1) R is an IF ring. 
(2) R is coherent, and R, and RR are X0-injective. 
(3) R is coherent and R is a unital subring of a ying S such that RS and S, 
are .faitllfulLv flat injective R-modules. 
Proof. Condition (2) implies (1) by Theorem 1. Assume condition (I) 
and let I be a finitely generated left ideal of R. Since R is N-coherent, there 
is an exact sequence 
with F finitely generated and free and K contains a finitely generated sub- 
module K, such that Hom(K/KO, R) = 0. S’ mce F/K, is finitely presented, 
there is a free module G and an exact sequence 
0 --f F/K, -> G 
by Theorem 1. Thus K/K0 is a submodule of a free module so 
Hom(K/K,, , R) = 0 implies that K/K, = 0. Hence (2) holds. 
Assume condition (1) and define 
S = Hom,(R,*, R,*). 
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The left R-module structure of R* induces the structure of an R - R 
bimodule on S and since RR,* is faithful 
j? R-S defined by 
kv)h4 = r9) for YER, g,eR* 
is a unital ring monomorphism of R into S. Furthermore /3 is a bimodule 
homomorphism. Since R, * is injective and RR* is flat, we obtain immediately 
that S, is injective. Now 
,$ = .HomdR,*, R&*) 
z dHomz((R* OR R)R t Q/Z)) 
is also injective since (R* @JR R)R is flat and Q/Z is injective. Since R is IF, 
RS and SR are both flat and injective. Suppose S OR M = 0 for some left 
R-module M. The following diagram is commutative. 
R @E(M) * t S@E(M) 
T 
II 
t 
Since E(M) is flat and R is flat, 01 and y  are monomorphisms. Hence, since 
S @ M = 0, we have R @ M = M = 0. Thus S, and similarly RS are 
faithfully flat. 
Assume condition (3). Let I be a finitely generated left ideal of R. The 
following diagram is commutative with exact row. 
- Hom(1, S) ----+ 0 
Hom(R,‘R) @ S L Hom(1, R) @ S 
Since I is finitely presented, (TV and aI are isomorphisms by Lazard’s theorem. 
Hence a: is an epimorphism and since RS is faithfully flat Hom(R, R) -+ 
Hom(1, R) + 0 is exact so R, is X,-injective. Similarly, .R is K,-injective 
so R is IF by Theorem 1. 
The author has been unable to find an example of a left IF ring which is 
not right coherent. 
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3. SIWIAL CASES AND EXAMPLES 
The injective dimension of a module M, Id(M), is the smallest positive 
integer n for which there is an exact sequence 
with each Xi injective. If  no such integer exists Id(M) = m. 
PROPOSITION 4. Let R be a left IF ring. Then every left R-module M for 
which Id(M) < ix is pat. 
Proof. Suppose 0 ---f M - X7--f U - 0 is exact with X injective and C; 
flat. Then the sequence 
is split exact since U* is injective by Lemma 1. Hence since XI* is injective, 
M* is injective. Hence M is flat. Now suppose M is not flat and that 
is exact with each Xi injective. By the argument above, Im d, is not flat. 
Inductively, X, is not flat, a contradiction. Therefore Id(M) = co. 
A ring R is regular if axa = a has a solution for each a E R. Regular rings 
are characterized by the condition that every module is flat (see [IO]). 
PROPOSITION 5. If  R is a left IF ring and has jinite weak global dimension, 
then R is regular. 
Proof. The weak global dimension of R is the supremum of the weak 
dimensions of the finitely presented left R-modules. Suppose R is not 
regular and let RM be a finitely presented module of maximum weak dimen- 
sion. By Theorem 1, there is an exact sequence 
O+M-+F-tG+O 
withF finitely generated and free. Since M is not flat, w. dim. G > w. dim. M, 
a contradiction. 
The usual argument (see [IS]) which h s ows that a self injective ring is 
regular modulo its radical can easily be modified to prove that an IF ring in 
which every left ideal is essential in a finitely presented left ideal is regular 
modulo its radical. 
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EXAMPLE I. A commutative IF ring which is not regular modulo its 
radical. 
Let R = 2 @Q/Z with multiplication defined by (ni , qJ(n, , q2) = 
( fi1n2 , ~2 + WA fii E Z, czi cQ/Z. Th is multiplication makes R into a ring. 
Since the only nonfinitely generated ideal of R is its radical (0, Q/Z), it is 
easy to see that R is coherent. Each finitely generated ideal is principal and 
is generated by an element of the form (n, 0), n E Z or (0, q), q E Q/Z. 
Applying the Corollary to Theorem 1, R is Et,-injective so R is IF and 
R/Rad R = R/(0, Q/Z) E Z is not regular. 
EXAMPLE 2. A right IF ring which is not left IF. 
Let R be an algebra over a field F with basis (1) u {ei j i = 0, 1, 2,...) u 
(xi 1 i = 1, 2,...} such that 1 is the identity of R and for all i, j, eiej = aijej , 
xiej z= 6i,jslxi , eixj = &xj , xixj = 0. For k > 0, set E, = Et=, ei . 
Let 1 be a finitely generated left ideal of R. Then either 1 C RE, or 
I = R(l - Ek) @ X with X C RE, for some k. A similar statement for 
right ideals holds. Hence the intersection of two finitely generated one-sided 
ideals is finitely generated and the annihilator of any element of R is finitely 
generated. Thus R is coherent by Chase’s theorem. Since 
,& = HomF(ei+l& , %+d 
each Rei and hence each RE, is injective. Let I = R(1 - E,) @ X, X C RE, 
be a finitely generated left ideal and f~ Hom,(l, R). It suffices to extend 
f / X to REk so we may assume I = X C REk . Since f (I) is finitely generated 
f(I) _C RE, , or f (I) = R( 1 - E,) @ Y, Y C RE, for some 1. In the first case 
we are done and in the second it suffices to notice that Hom(1, R(I - EL)) = 0 
for large 1. Thus R is left N,-injective. Finally, the homomorphism x,R - e,R 
with xi w e, cannot be extended so R is not right N,-injective. 
A Bexout domain is a commutative integral domain in which every finitely 
generated ideal is principal. 
EXAMPLE 3. If  R is a Bezout domain and 0 # a E R, then RIRa is an 
IF ring. 
Proof. Suppose b E R and Rb 1 Ra. Then (b : Ra) = {Y E R 1 rb E Ra} = Rs, 
where a = bs so (s : Ra) = Rb. Th us condition (2) of the Corollary to 
Theorem 1 holds and the annihilator of any finitely generated ideal of R/Ra 
is finitely generated. This argument also shows that every principal ideal of 
R/Ra is the annihilator of a principal ideal. Thus if 1r = I(]*), I, = I(],) 
with & , Ji principal ideals we have 
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so R is X0-injective by the corollary to Theorem 1. Also, since 1, n 1, -G 
I(Jr $- Jz) is finitely generated, R is coherent by Chase’s theorem. 
The first two examples are modifications of examples due to Osofsky [14]. 
4. GKOUP kNGS 
Let R be a ring and G a group. Denote the group ring of G with coefficients 
in R by R(G). 
PHO~OSITION 6. If  R(G) is a left IF ying, then R is a left IF rivlg and G is 
a locally finite group. 
Proof. Let P be a finitely presented left R-module. Then R(G) OR P 
is a finitely presented left R(G)- module and there is an R(G)-monomorphism 
01: R(G) OR P-t R(G)” for some integer n by Theorem I. It follows that 
the composition 
I’ (3 + R(G) &)R P iy R(G)” 
is an R-monomorphism where /3(p) = e @p, e the identity of G, and R(G)” 
is R-free. Hence R is left IF by Theorem 1. If  H is a finitely generated 
infinite subgroup of G, then R(G) contains a finitely generated proper left 
ideal I whose right annihilator is zero (see [15, pp. 137-1381). By the corollary 
to Theorem 1, I == l(r(I)) = l(0) = R(G), a contradiction. Therefore G is 
locally finite. 
Define 7 E Hom,(R(G), R) by 7(x:gEc r(g)g) = r(e), where e is the identity 
of G. 
LEMMA 6. If  M is a right R(G)-module and G is a Jinite group, the map 
Hom,(,,(M, R(G)) --f Hom,(M, R) 
defined by g, w ~v is an isomorphisvn of left R(G)-module. 
Proof. The map is clearly a monomorphism and if 01 E Hom,(iZ/I, R), 
oc = ~9 where 
v(m) = c 4vf?L-% for all m t M. 
LEG 
THEOREM 3. Let R be a ring and G a group, Then R(G) is a left IF ring 
if and only if R is left IF and G is locally finite. 
Proof. One implication is Proposition 6. For the converse, first assume 
that G is finite. Let I be any set. Since R(G), is finitely presented 
(R(G) OR R”)’ z R(G) @ (R*)’ 
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by ([5] Lemma 1.2) and since R(R*)l is flat by Theorem 1, R(G)(R(G) OR R*)’ 
is flat. By Lemmas 2 and 6 we have 
R(G) OR R* gg Hom,(R(G), R)* 
z Horn, (&R(G), R(G)) a: 
s R(G)* 
so R(G)(R(G)*)’ = (R(G)“))* is flat so R(G) is left IF by Theorem 1. 
Now suppose G is an arbitrary locally finite group. Let P be a finitely 
presented left R(G)-module. There is a positive integer n and an epimorphism 
7~ R(G)” - P with finitely generated kernel K. Let X be a finite set of 
generators for K. Since G is locally finite, there is a finite subgroup N of G 
such that R(N)X C R(H)% C R(G)“. We obtain an exact sequence 
0 - R(H)X - R(H)” & R(H)E’ -+O 
of R(U)-modules where I’ is a finite set of generators of RcGjP. Since R(H) 
is left IF, there is a monomorphism 01 E Hom,&R(H)IT, R(H)““) for some 
positive integer m. Thus we have the commutative diagram 
where 1 @ 01 is a monomorphism and y  is an epimorphism. Hence /3 is a 
monomorphism so R(G) is left IF by Theorem 1. 
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